The free vibration and chatter stability of a rotating thin-walled composite bar under the action of regenerative milling force were investigated in this article. The free vibration equations of the rotating thin-walled composite bar were presented and solved by the Galerkin method according to the derived Lagrange equation for the rotating thin-walled composite bar, and the influences of the taper ratio, ply angle, and mode number on the first natural frequency were analyzed. In order to study the chatter stability of the rotating thin-walled composite bar, the time-delay motion equation of the system was derived with consideration of the effects of regenerative milling force and internal/external damping. The two-mode Galerkin method was used to discretize the time-delay free vibration equations, and the semi-discrete method in the time domain was employed to predict the stability lobes. Finally, the correctness of the method was validated, and the stability analysis of the rotating thin-walled composite bar was conducted. Emphatically, the influences of the ply angle, taper ratio, and internal/external damping on the chatter stability of the rotating thin-walled composite bar were analyzed. The most common method of mechanical cutting is to install the cutter head on the cutter bar. The rotating cutter bar can drive the cutter head to machine the fixed workpiece and thus complete the cutting process. In certain specific machining environments, such as boring deep holes and milling deep grooves, the cutter bar shall have a slender structure. Consequently, its stiffness is low and the cutter bar is prone to chatter under the action of periodically changing cutting force.
The most common method of mechanical cutting is to install the cutter head on the cutter bar. The rotating cutter bar can drive the cutter head to machine the fixed workpiece and thus complete the cutting process. In certain specific machining environments, such as boring deep holes and milling deep grooves, the cutter bar shall have a slender structure. Consequently, its stiffness is low and the cutter bar is prone to chatter under the action of periodically changing cutting force. [1] [2] [3] In practice, the techniques to improve the stability of the slender cutter bar include active damping, [4] [5] [6] passive damping, [7] [8] [9] and spindle speed variation. 10, 11 However, active and passive damping control technologies both need to add devices and structures to the cutting system, which increases the volume of the processing system and makes the structure complicated. The advantage of the spindle speed variable method lies in its simple structure and wide suitability for frequency band adjustment. Unfortunately, the precision of the machined surface by this method is significantly affected by the changing speed.
In order to improve the stability of machine tool structures including slender cutter bars, some researchers have investigated the possibility of replacing metal materials with composite materials in the design of boring bars because of low weight, high stiffness, and high damping of composite materials. [12] [13] [14] [15] [16] Lee and Suh 12 designed a composite boring bar and proved that the composite boring bar had better stability than traditional metal boring bars. Nagano et al. 13 studied the dynamic characteristics of composite boring bars with different shapes of metal core. Kim et al. 16 derived the time-delay vibration differential equation of variable cross-section milling cutter bars based on the Timoshenko beam theory and drew the diagram of stability lobes by the frequency-domain analysis method. Especially, the influences of the taper ratio (TR), damping, and material properties on the stability of the bars were also analyzed. However, due to the high rotating speed of boring bars, it is also necessary to consider the gyroscopic effects. 17 From the existing literature, little work has been done on the modeling of rotating composite bars and their chatter stability. Thus, it is of great importance to investigate the influences of various properties on the dynamic behaviors of composite bars in order to gain further understanding of composite bars in the metal cutting process.
In this article, the composite thin-walled beam theory proposed by Berdichevsky et al. 18 and Badir 19 was used to model composite boring bars. Based on the displacement function of Berdichevsky and the Lagrange equation of continuous system, free vibration differential equations of a rotating thin-walled composite bar (RTWCB) with bending-bending coupling were presented. Furthermore, dynamic equations of the RTWCB were developed by taking internal damping, external damping, and the cutting force with time-delay effect into account. Then, on the basis of analyzing the free vibration, the influences of the ply angle, TR, and internal/external damping on the chatter stability were analyzed. Numerical results showed that the ply angle and TR had obvious influences on the chatter stability, while the internal damping affected the stability only at high speeds. The correctness of the stability analysis method could be verified by comparison with the frequency-domain method as well as the calculation results of the time-domain displacement response. The rest of this article is organized as follows. In section ''Dynamic mechanical models of the RTWCB,'' the dynamic mechanical models of the RTWCB are established. In section ''Governing equations,'' the Lagrange equation for the RTWCB is derived to deduce the governing equation of the RTWCB. Then, in section ''Solution,'' the Galerkin method is used to transform the vibration equation into an ordinary differential equation with respect to time, and the semidiscrete method in the time domain is used to predict the stability lobes. In section ''Numerical results,'' the free vibration characteristics of the RTWCB rods are discussed, and the influences of the ply angle, TR, and internal/external damping on the chatter stability are analyzed based on the correctness of the stability analysis method. Finally, a summary and some conclusions are provided in section ''Summary and conclusion.'' Dynamic mechanical models of the RTWCB Figure 1 shows the cutter bar model and coordinate systems. The RTWCB rotates around its longitudinal axis with a constant angular speed W. The coordinate system (X, Y, Z) stands for a fixed inertial coordinate system, and its unit vector is (I, J, K); (x, y, z) stands for a moving coordinate system, which is rotating with the cutter bar, and its unit vector is (i, j, k); (x, s, x) represents the local coordinate system, where s is along the midline of the contour tangent direction and x is along the normal direction; h represents the wall thickness; r 1 and r 2 are the contour line radii of the root and the free cross-section, respectively; L is the axial length; and q is the ply angle of the composite fibers. Here, the TR of the cutter bar is defined as
It is assumed that (1) the cutter bar is a slender thinwalled elastic cylinder, namely, d ( L, h ( d, h ( r 1 , and h ( r 2 , where d is the maximum outer diameter of the cutter bar cross-section and (2) the transverse shear effect of the thin-walled structure can be neglected.
Governing equations
The displacement field of an anisotropic closed-section thin-walled structure derived by the variational approach is very applicable to the dynamic analysis of the RTWCB. It can be expressed as follows 18, 19 
where u 1 , u 2 , and u 3 denote the displacements along the X-, Y-, and Z-axes of any point on the RTWCB, respectively; U 1 (x), U 2 (x), and U 3 (x) denote the average displacements along the X-, Y-, and Z-axes of the x crosssection, respectively; u(x) is the twist angle of the same section; the function g(s, x) added to the classical displacement field represents the out-of-plane warping of the cross-section, which can be determined from the continuity of the displacement field and the vanishing of the resultant hoop stress and constant shear flow; and U 0 2 (x) and U 0 3 (x) denote the differential forms of U 2 (x) and U 3 (x) with respect to x, respectively.
Based on the displacement functions in equation (2), the strain energy density (the strain energy per unit length) of the RTWCB can be calculated as follows 20, 21 
where C ij (i, j = 1, 4) can be expressed in terms of the cross-section geometry and material properties. 21 The kinetic energy on the unit length of the cutter bar can be expressed as
where
where n is the number of layers in the laminate and r i and r i + 1 are the inner and outer radii of the ith layer, respectively.
Because
2 ), the last term in equation (4) can be ignored. Then
Based on the expressions of the kinetic energy density (equation (6)) and the strain energy density (equation (3)) of the cutter bar, the Lagrange equation of the continuum can be established as
The free vibration equations can be expressed in terms of kinematic variables by substituting equation (8) into equation (7) as follows 
Since the RTWCB has a circular cross-section and circumferential symmetric stiffness (u(y) = u( À y), u(z) = u( À z)), it is available that C 13 = C 14 = C 23 = C 24 = C 34 = 0. Then equations (9)- (12) can be simplified as
Considering equations (12)- (15), for an RTWCB with circumferentially uniform stiffness (CUS) configuration, the bending motion can be decoupled from the axial and torsional motions. Here, the bending motion is analyzed separately.
The damping terms play an important role in the suppression/enhancement of instability, but they are not included in equations (15) and (16) . When the RTWCB works as a milling cutter bar, it suffers periodic milling force. Taking these terms into account, equations (15) and (16) can be transformed as
where f y and f z represent the applied forces per unit length in the y-and z-directions, respectively; c e is an external damping coefficient per unit length of the cutter bar and is proportional to the speed in the fixed coordinate system; and c i is an internal damping coefficient per unit length of the cutter bar and is proportional to the speed in the rotating coordinate system. 24 Here, the damping values are assigned based on the concepts from an oscillator with a single degree of freedom, namely
where 1 is the damping ratio, which is assumed to be 0.015 for the problem at hand; v n is the lowest natural bending frequency at O = 0; and c 1 and M 33 are the one-mode bending Galerkin function and the approximate bending mass, respectively, and their detailed expressions will be given in the following section.
Solution

Galerkin approximation
The Galerkin method is an effective and inexpensive method for converting a continuous differential equation to a discrete problem. It can provide a powerful numerical solution to the dynamic analysis of a continuous system. In this study, the Galerkin method is used to find the approximate solution of equations (17) and (18) . By employing this method, the governing equations (17) and (18) are approximated by a system of ordinary differential equations, namely
The Galerkin function c j (x) for the variables U 2 and U 3 are taken to be the mode shapes of a non-rotating, non-coupling, and uniform cantilever Euler-Bernoulli beam as follows
The Galerkin method can yield a set of equations in the form of
The elements in the above matrix are listed as follows 
When the RTWCB works as a milling cutter bar, it suffers milling force. The milling forces are treated as concentrated loads at its free end. Then f y and f z in equation (24) can be expressed as
where d denotes a Dirac delta function. Considering a half immersion, the up-milling operation with a fourfluted end-milling operation is adopted, and the deflection-dependent cutting force model is employed. The tangential and radial forces based on the work of Smith and Tlusty 25 are given by
where 
where K s is the specific cutting force per unit chip area and its value is K s = 551:6 MPa; 1 b 0 is the constant angle between the cut surface normal and the direction of cutting force, and its value is 73.3°; 2 u t represents the azimuth at which the cutting edge is located; d represents the cutting depth; f t is the feed per tooth; and T = 2p=(N t O) denotes the tooth period, where the number of teeth is N t = 4.
By combining equations (22), (26) , and (27), it can be obtained that
Considering the effect of the cutting force, equation (29) contains one traditional stiffness matrix K, as well as two additional matrices K f and K P caused by time delay.
Semi-discrete stability solution
Ignoring the constant force and transporting the time delay to the right-hand side, equation (29) can be expressed as
From equation (31), it can be obtained that
Using the semi-discrete method, in the ith time interval, equation (33) can be expressed as
By Cauchy transformation, equation (38) can be written in the form of
and w a and w b are the weighting factors. For the milling system, the time delay is equal to the cutting cycle, so w a = w b = 1=2. If the initial condition is q(t i ) = q i , q i + 1 can be expressed as
and m is an approximation parameter regarding the time delay. It can be found that X i and _ X i depend on X iÀm + 1 and X iÀm instead of _ X iÀm + 1 and _ X iÀm . Therefore, the elements in the column n j of the matrices B i and R i are both 0. Thus, let
After a series of discretization, the final value of the system is
where P i, hj and R i, hj are the h row and j column elements of the matrices P i and R i , respectively. Thus, the transfer matrix F of (4m + 8) dimensions can be obtained as
If the eigenvalues of the transfer matrix F are less than 1, the system is stable; otherwise the system is unstable. When the eigenvalues are equal to 1, the system is in the critical stable state.
Numerical results
Free vibration characteristics
According to equation (22) and ignoring the cutting force, the first-mode natural frequency of the free vibration of the RTWCB can be obtained using MATLAB software. Figure 2 shows the variation of the first-mode natural frequency of the RTWCB with ply angle (TR = 2, L = 0.4 m, r 1 + r 2 = 0:03175 m, ply thickness = 0. 386806 mm, and layer number = 6). The mechanical properties of the composite materials are listed in Table 1 . The analysis results from equation (21) are compared with the simulation results obtained using the ANSYS finite element method. As illustrated in Figure 2 , the analysis results agree well with the simulation results, and the ply angle has a significant influence on frequencies up to 40°. Figure 3 illustrates the variation of the first-mode natural frequency of the RTWCB with TR when the ply angle is 20°. As can be seen, with the increase of the TR, the natural frequency gradually increases and the analysis results agree well with the simulation results obtained using the ANSYS finite element method.
When the Galerkin method is employed to solve the problem, the number of modes has a certain influence on the accuracy of the results. Table 2 shows the influence of the number of modes on the analysis results. As can be seen, when the number of modes is larger than 2, the first-and second-mode natural frequencies both change slightly. Consequently, the mode number of 2 is used in the subsequent analysis by the Galerkin method.
Stability analysis
Verification of the solution method. In this section, the lobes of the RTWCB computed by the time-domain method in this study and by the frequency-domain method in Movahhedy and Mosaddegh 15 will be compared with those of the steel milling bar shown in Figure 7 in Movahhedy and Mosaddegh.
15 Figure 4 shows the time-domain stability results from equation (42) and the frequency-domain stability results from Movahhedy and Mosaddegh. 15 It is obvious that the curve obtained from the two-mode timedomain method is in good agreement with that from the first-mode frequency-domain method within the most speed range.
In order to calculate the displacement response curve, the Runge-Kutta method is used to reduce equation (33) to a one-order differential equation, and the dde23 function provided by MATLAB can be used to solve the one-order delay differential equation. When the speed is 3000 rad/s, the cutting depth is 0.9 and 0.7 mm corresponding to Point A and Point B in Figure 4 , respectively, and the displacement response curves of Point A and Point B are illustrated in Figure  5 . According to the displacement response curves, Point A is divergent, indicating that there is a chatter phenomenon, while Point B is convergent, indicating that the cutting process is stable. These results are consistent with the analysis results shown in Figure 4 . Point A locates in the unstable zone based on two and three modes, while Point B locates in the stable zone. The results demonstrate that the two-mode Galerkin method is necessary to obtain high-precision results. Figure 6 shows the convergence situations of different algorithms. As can be seen, the result of the two modes coincides with that of the three modes, and they show a certain difference from the result of one mode. This confirms the convergence and high precision of the proposed algorithm.
Stability lobes of the RTWCB. In order to obtain the stability lobes of the RTWCB with different parameters, the program is written based on equation (42) using the two-mode Galerkin method in MATLAB software. Figures 7-9 illustrate the influence of the ply angle on the cutting stability of the RTWCB with different TRs when c i =(c e + c i ) = 0:5. As can be seen, with the decrease of the ply angle, the scope of an unconditionally stable zone extends gradually and the lobes move to the right-hand side, which leads to the scope extension of the conditionally stable zone in the high rotating speed range. These changes are helpful to improve the milling efficiency. Figures 10-12 illustrate the influence of TR on the cutting stability of the milling cutter with different ply angles when c i =(c e + c i ) = 0:5. From these figures, it is easy to find out that the scope of an unconditionally stable zone extends gradually with the increase of TR, and that the lobes also move to the right-hand side, which leads to the scope extension of the conditionally stable zone in the high rotating speed range. These changes are helpful to provide a larger spindle speed. Figure 13 shows the influence of internal damping on the cutting stability. As can be seen, the internal damping has a weaker influence on the cutting stability than the ply angle or the TR. As the rotating speed increases, the influence of internal damping is enhanced gradually. Since the cutting speed is conventionally not very high, the influence of internal damping on the cutting stability can generally be ignored.
Summary and conclusion
In summary, free vibration equations were derived and analyzed to investigate the free vibration characteristics of an RTWCB with bending-bending coupling, and chatter stability analysis was performed by incorporating regenerative milling force and internal/external damping into the free vibration equations. It was found that the ply angle and TR of the composite milling bar had a significant influence on the natural frequency and that a smaller ply angle and a larger TR could increase the natural frequency. Also, the two-mode Galerkin method could obtain accurate results for chatter stability analysis of the RTWCB. Based on the semi-discrete method and the two-mode Galerkin method, the stability lobes of the RTWCB for different parameters could be predicted, and a smaller ply angle and a larger TR could extend the stable cutting zone and improve the cutting efficiency. The internal damping had an increasingly significant influence on the chatter stability with the increase of the cutting speed, and its influence on the cutting stability was generally not obvious considering the relatively low cutting speed in the conventional machining process.
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